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ON THE HOLONOMY GROUP OF HYPERSURFACES OF SPACES OF
CONSTANT CURVATURE
OGNIAN KASSABOV
Abstract. We classify hypersurfacesMn of manifolds of constant nonzero sectional curva-
ture according their restricted homogeneous holonomy groups. It turns out that outside of
the evident cases (restricted holonomy group SO(n) and flat submanifolds) only two cases
arise: restricted holonomy group SO(k) × SO(n − k) (when M is locally a product of two
space forms) and SO(n− 1) (when M is locally a product of an (n− 1)-dimensional space
form and a segment).
1. Introduction
The holonomy groups are fundamental analytical objects in the theory of manifolds and
especially in the theory of Riemannian manifolds. The holonomy group of a Riemannian
manifold reflects for example on local reducibility of the manifold. In [6] M. Kurita classifies
the conformal flat Riemannian manifolds according their restricted homogeneous holonomy
group.
There exists a similarity between the conformal flat Riemannian manifolds and the hyper-
surfaces of a Riemannian manifold, see e.g. a remark of R. S. Kulkarni in [5]. So it is natural
to look for a result in the submanifold geometry, analogous to the Kurita’s theorem. In [3]
S. Kobayashi proves that the holonomy group of a compact hypersurface of En+1 is SO(n).
Generalizations of of Kobayashi’s result are obtained by R. Bishop [1] and G. Vranceanu [8].
In this paper we consider analogous question for hypersurfaces of non-flat real space forms
according their holonomy groups. Namely we prove:
Theorem 1. Let Mn (n ≥ 3) be a connected hypersurface of a space M˜n+1(ν) of constant
positive sectional curvature ν. Then the restricted homogeneous holonomy group Hp of M
n
in any point p is in general the special orthogonal group SO(n). If Hp is not SO(n) at any
point p ∈Mn, then one of the following cases appears:
a) Hp = SO(k)×SO(n−k), 1 < k < n−1 and M
n is locally a product of a k-dimensional
space of constant curvature ν + λ2 and an (n − k)-dimensional space of constant sectional
curvature ν + µ2, with ν + λµ = 0;
b) Hp = SO(n−1) and M
n is locally a product of an (n−1)-dimensional space of constant
sectional curvature and a segment.
A similar theorem for complex manifolds is proved in [7].
2. Preliminaries.
Let M˜n+1 be an (n+1)-dimensional Riemannian manifold with metric tensor g and denote
by ∇˜ its Riemannian connection. It is well known that if M˜n+1 is of constant sectional
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curvature ν, then its curvature operator R˜ has the form
R˜(x, y) = ν x ∧ y ,
where the operator ∧ is defined by
(x ∧ y)z = g(y, z)x− g(x, z)y .
Such a manifold is denoted by M˜n+1(ν). Now let Mn be a hypersurface of M˜n+1(ν) and
denote by ∇ its Riemannian connection. Then we have the Gauss formula
∇˜XY = ∇XY + σ(X, Y )
for vector fields X, Y on Mn, where σ is a normal-bundle-valued symmetric tensor field on
Mn, called the second fundamental form of Mn in M˜n+1. Let ξ be a unit normal vector
field. Then the Weingarten formula is
∇˜xξ = −AξX
and the operator Aξ is related to σ by
g(σ(X, Y ), ξ) = g(AξX, Y ) = g(AξY,X) .
Suppose that we have fixed a normal vector field ξ. Then we shall write A insteed of Aξ.
The equations of Gauss and Codazzi are given respectively by
R(X, Y ) = ν(X ∧ Y ) + AX ∧ AY ,
(∇XA)Y = (∇YA)X ,
R denoting the curvature operator of Mn.
It is known that the Lie algebra of the infinitesimal holonomy group at a point p of a
Riemannian manifold M is generated by all endomorphisms of the form
(∇kR)(X, Y ;V1, ..., Vk) ,
where X, Y, V1, ..., Vk ∈ TpM and 0 ≤ k < +∞ [4]. Moreover if the dimension of the infin-
itesimal holonomy group is constant, this group coincides with the restricted homogeneous
holonomy group [4].
3. Proof of Theorem 1.
Let p be an arbitrary point of Mn. We choose an orthonormal basis e1, ..., en of TpM ,
which diagonalize the symmetric operator A, i.e.
Aei = λiei i = 1, ..., n .
Then by the equation of Gauss we obtain
(3.1) R(ei, ej) = (ν + λiλj)ei ∧ ej .
First we note that Mn cannot be flat at p. Indeed if Mn is flat, we obtain from (3.1)
ν + λiλj = 0 for all i 6= j. Since n > 2 this implies easily ν + λ
2
1 = 0, and because of ν > 0
this is a contradiction.
Since Mn is not flat at p, there exist i 6= j, such that ν+λiλj 6= 0. Then (3.1) implies that
ei ∧ ej belongs to the Lie algebra hp of Hp. As in [6] we denote by SO[i1, ..., ik] the subgroup
of SO(n), which induces the full rotation of the linear subspace, generated by ei1 , ..., eik and
fixes the remaining vectors. Denote also by so[i1, ..., ik] the Lie algebra of SO[i1, ..., ik]. Then
according to the above argument Hp contains SO[i, j].
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If Hp contains SO(n), then Hp = SO(n), because the restricted homogeneous holonomy
group Hp of a Riemannian manifold is a subgroup of SO(n), see [2].
Let Hp is not SO(n). Then there exist k, 2 ≤ k ≤ n−1 and indices i1, ..., ik, such that Hp
contains SO[i1, ..., ik] but doesn’t contain SO[i1, ..., ik, u] for u 6= i1, ..., ik. Without loss of
generality we can assume that Hp contains SO[1, ..., k], but does not contain SO[1, ..., k, u]
for u > k.
Let us suppose that hp contains so[a, u] for some a ∈ {1, ..., k} and u ∈ {k + 1, ..., n}.
Since
[eb ∧ ea, ea ∧ eu] = eb ∧ eu
it follows that the Lie algebra hp contains eb ∧ eu for b = 1, ..., k. Hence hp contains
so[1, ..., k, u], which is a contradiction.
Consequently hp doesn’t contain so[a, u] for any a = 1, ..., k; u = k + 1, ..., n. Then (3.1)
implies
(3.2) ν + λaλu = 0 a = 1, ..., k; u = k + 1, ..., n.
Hence, using ν 6= 0, we obtain λ1 = ... = λk and λk+1 = ... = λn. Denote λ = λ1; θ = λk+1.
Then by (3.2) ν + λθ = 0, λ 6= 0, θ 6= 0 and it follows easily λ 6= θ, ν + λ2 6= 0, ν + θ2 6= 0.
In a neighborhood W of p we consider continuous functions Λ1, ...,Λn, such that for any
point q ∈ W the numbers Λ1(q), ...,Λn(q) are the eigenvalues of A. Since ν + λ
2 6= 0,
ν + θ2 6= 0, then in an open subset V of W containing p we have
ν + Λa(q)Λb(q) 6= 0 a, b = 1, ..., k ;
ν + Λu(q)Λv(q) 6= 0 u, v = k + 1, ..., n .
Hence Hq contains SO[1, ..., k] and SO[k+1, ..., n]. Suppose that ν+Λa(q)Λu(q) 6= 0 for some
a = 1, ..., k, u = k + 1, ..., n. Then hq contains ea ∧ eu, so as before hq contains so[1, ..., k, u]
and analogously hq contains so(n), which is not possible. So ν + Λa(q)Λα(q) = 0. Hence as
before we find
Λ1(q) = ... = Λk(q) , Λk+1(q) = ... = Λn(q) .
Consequently in a neighborhood V of p there exist a number k and continuous functions
Λ(q),Θ(q) such that Λ(q) 6= Θ(q) and
(3.3) Λ1(q) = ... = Λk(q) = Λ(q) 6= 0 , Λk+1(q) = ... = Λn(q) = Θ(q) 6= 0
for q ∈ V . Since Mn is connected k is a constant on Mn. Consequently (3.3) holds on Mn.
On the other hand using ν +ΛΘ = 0 and the fact that kΛ+ (n− k)Θ = trA is smooth we
conclude that Λ and Θ are smooth functions on Mn. Define two distributions
T1(q) = {x ∈ Tq(M) : Ax = Λ(q)x} ,
T2(q) = {x ∈ Tq(M) : Ax = Θ(q)x} .
It follows directly that T1 and T2 are orthogonal and for X, Y ∈ T1, Z, U ∈ T2 we have
R(X, Y ) = (ν + Λ2)X ∧ Y ,
R(Z, U) =
ν
Λ2
(ν + Λ2)Z ∧ U ,
R(X,Z) = 0 .
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We choose local orthonormal frame fields {E1, ..., Ek} of T1 and {Ek+1, ..., En} of T2 and we
denote
∇EiEj =
n∑
s=1
ΓijsEs .
Then Γijs = −Γisj for all i, j, s = 1, ..., n, in particular Γijj = 0. As before let a, b, c ∈
{1, ..., k} and u, v ∈ {k + 1, ..., n}. From the second Bianchi identity we have
(∇aR)(Eb, Eu) + (∇bR)(Eu, Ea) + (∇uR)(Ea, Eb) = 0
and hence
Eu(Λ
2)Ea ∧ Eb + (ν + Λ
2)
k∑
c=1
{ΓbucEa ∧ Ec − ΓaucEb ∧ Ec}
+(ν + Λ2)
n∑
v=k+1
{ ν
Λ2
(Γabv − Γbav)Eu ∧ Ev + ΓuavEv ∧ Eb − ΓubvEv ∧ Ea
}
= 0 .
Consequently we obtain
(3.4) Eu(Λ
2) = (ν + Λ2){Γaau + Γbbu} ,
(ν + Λ2)Γuva = 0
for all a 6= b. Since ν + Λ2 6= 0 we find Γuva = 0, so T2 is parallel.
Let n− k ≥ 2. Then analogously to the above T1 is also parallel. Now (3.4) implies that
Λ doesn’t depend on Eu and analogously Θ doesn’t depend on Ea. Hence, using ν+ΛΘ = 0
we conclude that Λ and Θ are constants. So we obtain the case a) of our Theorem.
Let n− k = 1. We shall show that under the assumption Hp 6= SO(n) the distribution T1
is again parallel. By the Codazzi equation we have
(∇aA)(Eb) = (∇bA)(Ea) .
This implies
Ea(Λ)Eb + (Λ−Θ)ΓabnEn = Eb(Λ)Ea + (Λ−Θ)ΓbanEn .
Hence Ea(Λ) = 0 for a = 1, ...n− 1. Now from
(∇aA)(En) = (∇nA)(Ea)
we obtain
En(Λ)Ea + (Λ−Θ)
n−1∑
c=1
ΓancEc = 0 .
Hence we derive
(3.5) En(Λ) = (Λ−Θ)Γaan ,
(Λ−Θ)Γacn = 0 for c 6= a .
Since Λ 6= Θ the last equality implies Γacn = 0 for a 6= c. On the other hand (3.5) implies
Γaan = Γbbn. If Γaan = 0, then T1 is parallel and from (3.5) En(Λ) = 0, so Λ is a constant.
Because of ν + ΛΘ 6= 0 it follows that Θ is a constant too. Hence we obtain the case b) of
our Theorem. Let us suppose that Γaan 6= 0. We compute directly
(∇aR)(Ea, Eb) = (ν + Λ
2)ΓaanEn ∧ Eb .
Hence En ∧ Eb ∈ hp and as before it follows that SO(n) = Hp, which is not our case. This
proves Theorem 1.
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Remark. In the same way we can consider the case where M˜n+1(ν) is of constant negative
sectional curvature ν. Then we obtain
Theorem 2. Let Mn (n ≥ 3) be a connected hypersurface of a space M˜n+1(ν) of constant
negative sectional curvature ν. Then the restricted homogeneous holonomy group Hp of M
n
in any point p is in general the special orthogonal group SO(n). If Mn is not flat and Hp is
not SO(n) at any point p ∈Mn, then one of the following cases appears:
a) Hp = SO(k)×SO(n−k), 1 < k < n−1 and M is locally a product of a k-dimensional
space of constant curvature ν + λ2 and an (n − k)-dimensional space of constant sectional
curvature ν + µ2, with ν + λµ = 0
b) Hp = SO(n−1) and M is locally a product of an (n−1)-dimensional space of constant
sectional curvature and a segment.
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